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1. Introduction
Throughout this paper we assume that f is a real valued function which is continuous on [0,∞) and s(x) =  x0 f (t)dt .
The Cesàro means of s(x) are defined by
σ(x) = 1
x
∫ x
0
s(t)dt.
The integral∫ ∞
0
f (t)dt
is said to be Cesàro summable to a finite number L if
lim
x→∞ σ(x) = L. (1)
The value of this limit, if it exists, is said to be the Cesàro sum of the integral. If the integral∫ ∞
0
f (t)dt = L (2)
exists, then the limit (1) also exists. However, there are Cesàro summable integrals which fail to converge as improper
integrals. For example, the integral limx→∞
 x
0 sin atdt, a > 0 does not exist. However, from
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σ(x) = 1
x
∫ x
0
s(t)dt = 1
x
∫ x
0
∫ t
0
f (s)ds

dt
= 1
x
∫ x
0
f (s)
∫ x
s
dt

ds
=
∫ x
0

1− t
x

f (t)dt,
it follows that
lim
x→∞ σ(x) = limx→∞
∫ x
0

1− t
x

sin atdt = 1
a
.
Therefore,
∞
0 sin atdt is Cesàro summable to
1
a .
Adding some suitable condition to (1) which is called a Tauberian condition may imply (2). Any theorem which states
that the convergence of the integral follows from the Cesàro summability of the integral and some Tauberian condition is
said to be a Tauberian theorem.
The identity
s(x)− σ(x) = v(x), (3)
where v(x) = 1x
 x
0 tf (t)dt , is well-known and will be used in the various steps of proofs. For each integer m ≥ 0 define
σm(x) and vm(x) by
σm(x) =

1
x
∫ x
0
σm−1(t)dt, m ≥ 1
σ(x), m = 0
and vm(x) =

1
x
∫ x
0
vm−1(t)dt, m ≥ 1
v(x), m = 0,
respectively. The classical control modulo of s(x) =  x0 f (t)dt is denoted by ω0(x) = xf (x) and the general control modulo
of integer orderm ≥ 1 of s(x) is defined by ωm(x) = ωm−1(x)− σ(ωm−1(x)). We note that the concepts of the classical and
general control modulo were introduced by Dik [1].
De la Vallée Poussin means of
 x
0 f (t)dt are defined by
τ(x) = 1
λx− x
∫ λx
x
s(t)dt
for λ > 1, and
τ(x) = 1
x− λx
∫ x
λx
s(t)dt
for 0 < λ < 1.
The following Tauberian theorem is known as Hardy–Littlewood type Tauberian theorem [2] for the Cesàro summability
method.
Theorem 1. Let
∞
0 f (t)dt is Cesàro summable to s. If
ω0(x) ≥ −C
for some nonnegative C and enough large x, then the integral
∞
0 f (t)dt converges to its Cesàro sum s.
The aim of this paper is to generalize Hardy–Littlewood type Tauberian theorem and obtain new Tauberian theorems
for Cesàro summability of integrals by the help of the general control modulo analogous to the one defined by Dik [1]. The
works that have been obtained for Cesàro summability of integrals are given by a number of author such as [3,4].
Using Theorem 1, we will prove the following Tauberian theorems.
Theorem 2. Let
∞
0 f (t)dt is Cesàro summable to s. If
ωm(x) ≥ −C, (4)
for some nonnegative C, some integer m ≥ 0 and enough large x, then the integral ∞0 f (t)dt converges to its Cesàro sum s.
Theorem 3. Let σ(x) is Cesàro summable to s. If (4) holds, then the integral
∞
0 f (t)dt converges to s.
Theorem 4. Let σ(x) is Cesàro summable to s. If
σ(ωm(x)) ≥ −C,
for some nonnegative C, some integer m ≥ 0 and enough large x, then the integral ∞0 f (t)dt is Cesàro summable to s.
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2. Lemmas
In this section we state the following lemmas to be used in the next section.
Lemma 1. For each integer m ≥ 0,
x
d
dx
(σm(x)) = xσ ′m(x) = vm(x).
Proof. By definition, σm(x) = 1x
 x
0 σm−1(t)dt . Taking the derivative of σm(x), we have
σ ′m(x) = −
1
x2
∫ x
0
σm−1(t)dt + 1x σm−1(x). (5)
By rewriting (5), we obtain
1
x

σm−1(x)− 1x
∫ x
0
σm−1(t)dt

= 1
x
(σm−1(x)− σm(x)).
Applying σm−1 to the identity (3), we get σ ′m(x) = 1x vm(x). 
Lemma 2. For each m ≥ 0 integer,
(i) xv′(x) = xf (x)− v(x)
(ii) vm(x)− vm+1(x) = x ddx (vm+1(x)) = xv′m+1(x).
Proof. The proof of (i) can be easily obtained by taking the derivative of both sides of (3). We shall prove (ii). Applying σm
to the identity (3), and after taking the derivative of both sides, we have
d
dx
(σm(x))− ddx (σm+1(x)) =
d
dx
(vm+1(x)). (6)
Then multiplying the result by x, we get
xσ ′m(x)− xσ ′m+1(x) = xv′m+1(x).
Using Lemma 1, we obtain vm(x)− vm+1(x) = xv′m+1(x). 
Lemma 3. σ(xv′(x)) = xv′1(x).
Proof. From Lemma 2(i), taking Cesàro means of both sides of the identity xv′(x) = xf (x)− v(x), we have
σ(xv′(x)) = 1
x
∫ x
0
tf (t)dt − 1
x
∫ x
0
v(t)dt = v(x)− v1(x). (7)
The proof follows from (7) by using Lemma 2(ii) form = 0. 
For a function f , we define
x
d
dx

m
f (x) =

x
d
dx

m−1

x
d
dx
f (x)

= x d
dx

x
d
dx

m−1
f (x)

,
where (x ddx )0f (x) = f (x), and (x ddx )1f (x) = x ddx f (x).
Lemma 4. For each integer m ≥ 1,
ωm(x) =

x
d
dx

m
vm−1(x). (8)
Proof. We do the proof by induction. By definition, form = 1, we have
ω1(x) = ω0(x)− σ(ω0(x)) = xf (x)− v(x) = x ddxv(x),
from Lemma 2(i). Assume the observation is true form = k. That is, assume that
ωk(x) =

x
d
dx

k
vk−1(x). (9)
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Wemust show that the observation is true form = k+ 1. That is, we must show that
ωk+1(x) =

x
d
dx

k+1
vk(x).
Again by definition,
ωk+1(x) = ωk(x)− σ(ωk(x)).
By (9), and using Lemma 2(ii), we obtain
ωk+1(x) =

x
d
dx

k
vk−1(x)−

x
d
dx

k
vk(x) =

x
d
dx

k
(vk−1(x)− vk(x))
=

x
d
dx

k

x
d
dx
vk(x)

=

x
d
dx

k+1
vk(x).
Thus, we conclude that Lemma 4 is true for every positive integerm. 
Lemma 5. (i) For λ > 1,
s(x)− σ(λx) = 1
λ− 1 (σ (λx)− σ(x))−
1
λx− x
∫ λx
x
(s(t)− s(x))dt.
(ii) For 0 < λ < 1,
s(x)− σ(λx) = 1
1− λ(σ(x)− σ(λx))+
1
x− λx
∫ x
λx
(s(x)− s(t))dt.
Proof. (i) From the definition of de la Vallée Poussin means of s(x), we have
τ(x) = 1
λx− x
∫ λx
x
s(t)dt = 1
x(λ− 1)
∫ λx
0
s(t)dt −
∫ x
0
s(t)dt

for λ > 1. Since σ(λx) = 1
λx
 λx
0 s(t)dt and σ(x) = 1x
 x
0 s(t)dt , we obtain
τ(x) = λ
λ− 1σ(λx)−
1
λ− 1σ(x) =

1+ 1
λ− 1

σ(λx)− 1
λ− 1σ(x).
The difference τ(x)− σ(λx) can be written as
τ(x)− σ(λx) = 1
λ− 1σ(λx)−
1
λ− 1σ(x). (10)
Subtracting σ(λx) from the identity s(x) = τ(x)− 1
λx−x
 λx
x (s(t)− s(x))dt , we get
s(x)− σ(λx) = (τ (x)− σ(λx))− 1
λx− x
∫ λx
x
(s(t)− s(x))dt. (11)
Using the identity (10), we have
s(x)− σ(λx) = 1
λ− 1 (σ (λx)− σ(x))−
1
λx− x
∫ λx
x
(s(t)− s(x))dt. (12)
This completes the proof. 
(ii) The proof of Lemma 5(ii) is similar to that of Lemma 5(i).
3. Proofs
Proof of Theorem 2. Since s(x) =  x0 f (t)dt is Cesàro summable to s, from the identity of (3), we have v(x) is Cesàro
summable to 0. Thus, σ(ωm−1(x)) is Cesàro summable to 0. Suppose that ωm(x) ≥ −C for some nonnegative integer m
and some C ≥ 0. From Lemma 4, we have
ωm(x) =

x
d
dx

m
vm−1(x) = x ddx

x
d
dx

m−1
vm−1(x)

≥ −C,
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for some C ≥ 0. We see by Theorem 1 applied to σ(ωm−1(x)) that
σ(ωm−1(x)) = o(1). (13)
By the assumption and (13) we obtain from the identity ωm−1(x) − σ(ωm−1(x)) = ωm(x) that ωm−1(x) ≥ −C1 for some
C1 ≥ 0. It follows from identity
ωm−1(x) = x ddx

x
d
dx

m−2
vm−2(x)

that
x
d
dx
(σ (ωm−2(x))) ≥ −C1, (14)
for some C1 ≥ 0. Since s(x) is Cesàro summable to s, we obtain σ(ωm−2(x)) is Cesàro summable to 0. We see by Theorem 1
applied to σ(ωm−2(x)) that
σ(ωm−2(x)) = o(1). (15)
Continuing in this vein, we obtain σ(ω1(x)) = o(1). Since s(x) is Cesàro summable to s, we have v1(x) = o(1). Therefore,
from the identity σ(ω1(x)) = v(x)− v1(x)which is obtained by Lemmas 2(ii) and 3, we get v(x) = o(1). Finally, since s(x)
is Cesàro summable to s, σ(x)→ s as x→∞, and the proof is completed by the identity (3). 
Proof of Theorem 3. Since σ(x) is Cesàro summable to s, from the identity of (3), we have v1(x) is Cesàro summable to 0.
Thus, σ2(ωm−1(x)) is Cesàro summable to 0. Suppose that ωm(x) ≥ −C for some nonnegative integer m and some C ≥ 0.
From Lemma 4, we have
σ(ωm(x)) =

x
d
dx

m
vm(x) = x ddx

x
d
dx

m−1
vm(x)

≥ −C,
for some C ≥ 0. We see by Theorem 1 applied to σ2(ωm−1(x)) that
σ2(ωm−1(x)) = o(1). (16)
By the assumption and (16) we obtain from the identity
σ(ωm−1(x))− σ2(ωm−1(x)) = σ(ωm(x)),
σ (ωm−1(x)) ≥ −C1 for some C1 ≥ 0. It follows from identity
σ(ωm−1(x)) = x ddx

x
d
dx

m−2
vm−1(x)

that
x
d
dx
(σ2(ωm−2(x))) ≥ −C1, (17)
for some C1 ≥ 0. Since s(x) is Cesàro summable to s, we obtain σ2(ωm−2(x)) is Cesàro summable to 0. We see by Theorem 1
applied to σ2(ωm−2(x)) that
σ2(ωm−2(x)) = o(1). (18)
Continuing in this vein, we obtain σ2(ω1(x)) = o(1). Since σ(x) is Cesàro summable to s, we have v2(x) = o(1). Therefore,
from the identity σ2(ω1(x)) = v1(x) − v2(x) which is obtained by Lemmas 2(ii) and 3, we get v1(x) = o(1). Since σ(x) is
Cesàro summable to s, we have σ2(x) → s as x → ∞. From the identity σ(x) − σ2(x) = v1(x), we obtain σ(x) → s as
x→∞. Thus, s(x) is Cesàro summable to s. Since conditions in Theorem 2 are satisfied, the proof is completed. 
Proof of Theorem 4. Since σ(x) is Cesàro summable to s, from the identity of (3), we have v1(x) is Cesàro summable to 0.
Thus, σ2(ωm−1(x)) is Cesàro summable to 0. Suppose that σ(ωm(x)) ≥ −C , for some nonnegative integerm and some C ≥ 0.
From Lemma 4, we have
σ(ωm(x)) = x ddx

x
d
dx

m−1
vm(x)

≥ −C,
for some C ≥ 0. We see by Theorem 1 applied to σ2(ωm−1(x)) that
σ2(ωm−1(x)) = o(1). (19)
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By the assumption and (19) we obtain from the identity
σ(ωm−1(x))− σ2(ωm−1(x)) = σ(ωm(x)),
that σ(ωm−1(x)) ≥ −C1 for some C1 ≥ 0. It follows from identity
σ(ωm−1(x)) = x ddx

x
d
dx

m−2
vm−1(x)

that
x
d
dx
(σ2(ωm−2(x))) ≥ −C1, (20)
for some C1 ≥ 0. Since σ(x) is Cesàro summable to s, we obtain σ2(ωm−2(x)) is Cesàro summable to 0. We see by Theorem 1
applied to σ2(ωm−2(x)) that
σ2(ωm−2(x)) = o(1). (21)
By the assumption and (21), it follows from the identity
σ(ωm−2(x))− σ2(ωm−2(x)) = σ(ωm−1(x)),
that σ(ωm−2(x)) ≥ −C2 for some C2 ≥ 0. Continuing in this vein, we obtain σ(ω0(x)) = xσ ′(x) ≥ −Cm for some Cm ≥ 0.
After applying Lemma 5(i) to σ(x) and noticing that σ ′(x) ≥ − Cmx for all x, we have
σ(x)− σ2(λx) = 1
λ− 1 (σ2(λx)− σ2(x))−
1
λx− x
∫ λx
x
(σ (t)− σ(x))dt
= 1
λ− 1 (σ2(λx)− σ2(x))−
1
λx− x
∫ λx
x
∫ t
x
σ ′(z)dz

dt
≤ 1
λ− 1 (σ2(λx)− σ2(x))+
1
λx− x
∫ λx
x
∫ t
x
Cm
z
dz

dt
≤ 1
λ− 1 (σ2(λx)− σ2(x))+
Cm
λx− x
∫ λx
x
log

t
x

dt
≤ 1
λ− 1 (σ2(λx)− σ2(x))+ Cm log λ
for some Cm > 0. After taking lim sup of both sides as x→∞, we have
lim sup
x→∞
(σ (x)− σ2(λx)) ≤ 1
λ− 1 lim supx→∞ (σ2(λx)− σ2(x))+ Cm log λ.
Since the first term on the right-hand side of the equality above vanishes, we have lim supx→∞(σ (x)− σ2(λx)) ≤ Cm log λ.
After taking the limit of both sides as λ→ 1+, we obtain
lim sup
x→∞
(σ (x)− σ2(x)) ≤ 0. (22)
In a similar way from Lemma 5(ii), we have
lim inf
x→∞ (σ (x)− σ2(x)) ≥ 0. (23)
From (22) and (23) we have limx→∞ σ(x) = limx→∞ σ2(x).We obtain that s(x) is Cesàro summable to s. Thus, the proof is
completed. 
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